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Further predictions are derived from the model for allosteric transitions of 
Monod, Wyman & Changeux (1965) for the general case in which both the 
postulated conformations1 states of an allosteric protein bind a specified ligand 
with significant but unequal affinity (non-exclusive binding). In particular, the 
non-exclusive binding of one or more of the ligands, such as the substrate, 
inhibitor or activator of a regulatory enzyme, is expected to introduce limits 
on: (1) the extent to which the equilibrium between the conformational states of 
the protein may be shifted in their presence; (2) the degree of co-operativity in 
the saturation by each ligand (as measured by the Hill coefficient), and (3) the 
extent of co-operative or antagonistic interactions among the various ligands 
(partial and multivalent effects). 

1. Introduction 

Monod, Wyman & Changeux (1965) have proposed a model for allosteric interactions 
which postulates the existence of an equilibrium between two conformational states 
of the protein that can be shifted by the binding of different allosteric effecters. 
The general formulation of this model, in which the ligands may exhibit significant 
but differential afiinity for both states of the protein (non-exclusive binding) was found 
by the authors to be suitable for the quantitative description of the homotropic§ 
interactions found for several well-defined regulatory proteins. To simplify their dis- 
cussions of heterotropic effects, the authors considered only the case of exclusive 
binding of each type of ligand. However, recent observations on several allosteric 
proteins (Atkinson, Hathaway & Smith, 1965aJ; Atkinson, 1966) appear to be in- 
consistent with simple exclusive binding and thus have led us to re-examine the 
more general statement of the model. In particular, this paper focuses on the con- 
sequences of non-exclusive ligand binding for homotropic and heterotropic inter- 
actions. The experimental manifestations of these effects are discussed in terms of 
two parameters of the system: the ligand concentration required for half-saturation, 
and the maximum slope of the Hill plot (Brown & Hill, 1922-23) found by satura6ion 
experiments. 

t Present address: Polymer Department, Weizmann Institute of Science, Rehovot, Israel. 
$ On leave from the Pasteur Institute, Paris, France. 
4 The nomenclature used here is that of Monod et al. (1985): homtropic interactions are those 

between identical ligand molecules; heterotropk interactions are thoee between different ligands. 
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2. Graphical Analysis of the General Equations 

(a) Derivation und de$nition of parawLeter.s 

AS proposed by Monod et al. (1965), homotropic interactions-for example, those 
of the substrate of an enzyme (S)-may be described mathematically by two 
functions: E, the fraction of protein molecules in the conformationa,l state (R) for 
which the specified ligand has higher affinity, and p’,, the fractional saturation of 
the sites for this ligand in the t,otal protein population (both R and T states). 

iizl-T;: (1 -t ujn 
(1 + a)” + L (1 + acY, 

F 
s 

_ a(1 + a)n-l + Lac(1 + ac)n-l 

(1 + a)n + L (1 + dn 
(2) 

where L is the intrinsic allosteric constant, i.e., the equilibrium constant for the 
transition R z$ T in the absence of ligands; k, and kT are the microscopic dis- 
sociation constants of a ligand bound to a stereospecific site on the protein in the 
R and T states, respectively; c is kRIkT < 1; Q is the substrate concentration relative 
to kR (S/kB); and n is the number of identical binding sites per protein molecule for 
each type of ligand, i.e., the number of protomers. A fundamental property of this 
model, which is apparent from the comparison of these two functions in Fig. 1, is 

Pm. 1. The saturation function, P,, and state function, R, for two values of the apparent 
allosteric constant, L’, equations (l), (2) and (3). Also indicated are the allosteric range, &, 
equation (7), and the l&and concentrations corresponding to half-tzaturation, CQ,~, and to the maxi- 
mum slope of the Hill plot, CL,.., equations (5) and (6). 
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that the extent of the conformational transition (fi) as a function of free ligand 
concentration (a) is not necessarily proportional to the amount of ligand bound (P,)t. 

Inherent in the model is the assumption that heterotropic ligands influence the 
homotropic interactions described above exclusively by shifting the conformational 
equilibrium. Mathematically, all heterotropic interactions may therefore be encom- 
passed in a single parameter, L’, the ratio of T to R states of the protein in the 
presence of all effecters except the ligand whose binding is being studied. This 
apparent allosteric constant is related to the intrinsic allosteric constant, .E, by 

( 
l+Bd l+v n L’-L -.- 
1+B 1+r > 

where the heterotropic effecters are classified as either inhibitors (k,/k, = d > 1) 
or activators (k,/k, = e < l), and are present at concentrations /3 and y, respectively, 
relative to the corresponding kRf . Substitution of the parameters L’ in place of L 
in equations (1) and (2) produces general equations for the saturation and confor- 
mational state functions of allosteric proteins. Since either the addition of inhibitor 
or the depletion of activator concentration will tend to increase L’, according to 
equation (3), the use of this parameter permits a systematic analysis of the hetero- 
tropic effects of any combination of ligands having either non-exclusive or exclusive 
affinity for one protein state. 

While the apparent allosteric constant L’ may be determined by numerical 
fitting of the saturation data or by physical chemical techniques, a more easily 
measured parameter of the effects of heterotropic ligands is the substrate concentra- 
tion required for half-saturation (aljZ). In terms of the allosteric model, the following 
relationship between alj2 and L’ may be derived by replacing L by L’ and P, by 
112 in equation (2): 

Accordingly, log a1,2 is a sigmoidal function of log L’, when the value of c is greater 
than zero. 

A standard measure of homotropic interactions in the saturation of multivalent 
proteins has been the slope of the Hill plot, nH, (Brown & Hill, 1922-23). The physical 
significance of this parameter has been discussed by Wyman (1963). When t,he 
saturation function is defined by equation (2), the function 

nH _ d log [hi (1 - %)I 
d log a 

is found to reach a maximum, nH max, at some substrate concentration, a,,,, which 
does not necessarily coincide with allz, as indicated on Fig. 1. The direction and 
magnitude of the departure of a,, from a1,2, depend on the relative values of L’ 
and cmn/‘. In the following analvsis of the effects of heterotropic ligando, nE max 1 

t This feature of the model of Monod et al. (1965) should be contrasted with the predictions 
of the “induced fit” theory (Koshland, 1963), in which ligand binding is requisite for a con- 
formational transition. 

$ We exclude from this discussion direct interactions between distinct ligands such as substrates 
and substrate analogues. The extension to systems with more than one modifier of each class 
involves a simple product of expressions of the form 



268 M. III. RUBIN AND J.-P. CHANGEUS 

rather than the slope of the Hill plot at half-saturation will be used as the 
parameter of homotropic interactions, since the former is a measure of the maximum 
degree of co-operativity under the specified conditions. 

(a) 
n=4 

Fm. 2. Dependence of the maximum slope of the Hill plot, nH mBX, on the ratio of affinities 
of the ligand for the R and T states, e. 

(8) Variation of 71s msx with the apparent allosteric constant, L’, equations (Z), (3) and (5). 
For c = 0, pzH mBX approaches n, the number of sites, as L’ tends to infinity. For c > 0, the 
maximum value attainable by nu mBX, nH max maX, is less than 12 and occurs at L’ = c-nla. 

(b) Variation of nH max with u+, the substrate concentration required for half saturation, 
Corresponding values of A~ msx and log YZ,,~ were obtained from Hill plots computed according 
to equations (2) and (5). For L’ = c-“/~, 1~~~ ,,,SX = ~a max mILX and alip = CL mrx = cm1j2. In curves 
for c = 0*05 and c = O-1, values of log al/s and na max which are inaccessible as a consequence 
of limits on L’ are indicated by clashed Zinea. Limits were calculated according to equation (9) 
for an inhibitor with d = 5 and an activator with e = O-4 and values of the intrinsic allosteric 
constant L = 400 for the curve with c = 0.05 and I/ = lo* for the curve with c = 0.1. 
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(b) Dependence of nH mal and ali2 on L’ 

Heterotropic ligands influence both the shape and the position of the subst,rate- 
saturation function. In terms of the parameters introduced above, heterotropic effects 
on homotropic co-operativity in binding may be expressed as the variation of nu max 
with L’, which is illustrated in Fig. 2(a). As seen in the curve for c = 0, the assump- 
tion of exclusive binding, discussed by Monod et al. (1965), implies that by decreasing 
L’, the successive addition of activator reduces homotropic interactions until nu mex 
=f 1, and, conversely, that the increase in L’ concomitant with addition of inhibitor 
enhances homotropic interactions until nH msx = n, the total molar binding capacity. 
When c is not identically zero (non-exclusive binding), the results are qualitatively 
different: the computed curves of 7~~ max as a function of log L’ are bell-shaped, pass 
through a maximum, 7~~ max msx, and tend at both extremes to 1. Although the value 
of the maximum depends on both n and c, the comput’ed values of the “reduced 
Hill maximum” [(n, max max - l)/(n - l)] depend only on the value of c. 

The bell-shaped dependence of nH mitx on log L’ is correlated with the sigmoidal 
dependence of log ali on log L’ (when c is non-zero) in Fig. 2(b). The effects of a 

given heterotropic ligand on the shape of the substrate saturation curve (n.n ,,,) 
as compared with its effects on the position (~~,a) are thus seen to depend in both 
magnitude arLd direction on the value of L’. In the region surrounding nH msx max, 

the value of nH max is least sensitive, while log alj2 is most sensitive to changes in L’. 
At the extremes of L’, on the other hand, all binding is to the predominant state 
of the protein. Consequently, the homotropic interactions which are mediated by 
transitions between states are not apparent and the corresponding saturation curves 
are hyperbolas characteristic of the intrinsic affinity of the ligand for either the R 
or T st~ate, with ai,a = 1 or 1 ‘c. 

3. Consequences of Non-exclusive Binding for the 
Range of 2, nH max and aII2 

The mass action law predicts that saturating concentrations of a ligand which is 
bound exclusively by one state of an aliosteric protein will pull the R e T equili- 
brium essentially to completion in the direction of that state. Conversely, the finite 
afkity of an effector for both states of the protein imposes limits on the extent to 
which the equilibrium may be shifted. In qualitative terms, the limits on the con- 
formational ratio must depend on both the apparent allosteric constant and the 
ratio of affinities of the ligand for the R and T states. 

To quantitate the limitations on the conformational equilibrium, we again use I,’ as 
the parameter of heterotropic interactions and represent homotropic effects by the 
state function, il. Considering first the consequences of non-exclusive substrate 
binding, it is apparent from equation (1) that for a given value of L’, the range 
of values of R between zero and infinite subst,rate concentjrations, 

[l/(-L’ + I)] I ii I [l/(L’c” + l)] (6) 

may be considerably less than 1. ,4s illustrated in Fig. 1, for low values of L’, alarge 
fraction of the protein molecules are in the R state in the absence of substrate, and 
conversely, for very high values of L’, saturating amounts of substrate will not pull 
the conformational equilibrium completely in favor of the state for which the substrate 
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has preferential (but non-exclusive) affinity. Furthermore, the difference between the 
limits on 2 for this ligand, which has been designated the allosteric range. Q (Crick 
& Wyman, manuscript in preparation). given by: 

Q R xi,,, -ii,=, -.=- 
L’ (1 - c”) 

(L’ + 1) (L’c” $- I) 
(7) 

is a convenient parameter for investigating the consequences of non-exclusive binding. 
The correlation of Q and nH msx as functions of L’, for example, provides insight into 
the occurrence of nH max msx when c is non-zero. As observed in the computed curves 
(Fig. 3), it is precisely at the value of L’ at which 7~~ mitx max occurs (L’ == cWniz), 
that the allosteric range itself reaches the maximum 

Qmax _ (c-n/2 - I)/(c-“‘2 A- 1). (f4 

In other words, the maximum allosteric range allouv the maximum homotropir w 
operativity in binding. 

-3 0 i b 

loq L’ 

FIG. 3. Correlation of the maximum slope of the Hill plot, nH max (---) and the allosteric range, 
& (---), as functions of the apparent allosteric constant, L’, for exclusive (c :m 0) and non- 
exclusive binding. The maxims, of both functions, Q,,, and 1~~ max max, occur at L’ :: c-“/2 when 
c is non-zero, equations (7) and (8). The values c = 0,014 and log L’ = 3.06 are the parameters 
derived by Monod et ~2. (1965) for the saturation of human hemoglobin by oxygen at pH ‘7.0. 

Extending the consideration of non-exclusive binding to both classes of hetero- 
tropic ligands, we determine the limiting ratios of T to R states in t’he absence of 
substrate, in other words, the range of L’. For a system containing a single effector 
of each type, it is apparent from equation (3) that the maximum value of L’ occurs 
in the absence of activator and the presence of infinite inhibitor concentration (y := 0, 
/I = co), while the minimum corresponds, by symmetry, to p == 0, y = m. For the 
more general case in which there may be several inhibitors and activators having 
relative affinities d, and e,, and concentrations pi and y,, respect’ively, the range 
of L’ is defined by 

L eye; . . . e: . . . zL‘(L d;dl . . . d;. , . (9) 
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These limitations on L’, which results from non-exclusive binding of the heterotropic 
effecters, in turn place additional restrictions on the ranges of both a1,2 and %a max 
as indicated on Fig. 2(b). 

To summarize the various restrictions on allosteric transitions discussed in this 
section, we have devised the grid, shown in Fig. 4, of the accessible distributions 
of the conformational states of a given allosteric protein (L, n) in the presence of a 
given complement of ligands (c, di, ei). The ordinate of this grid corresponds t,o 
homotropic interactions, the height of the accessible region being the allosteric range 
of the substrate (equation (7)). The abscissa of the grid corresponds to heterotropic 
interactions, the horizontal extremes of the accessible region reflecting the relative 
affinities of the activators and inhibitors, according to equation (9). 

I.0 

0.8 

O-6 

'cc 

0,4 

0.2 

C 

L L d" --_------- 

n=2 
c =O,l 

FIG. 4. Restrictions on allosteric transitions in the presence of non-exclusively bound ligands. 
The accessible region (shaded) is delimited by the state functions, R, at infinite and zero substrate 

concentrations and the range of the apparent allosteric constant, L’, equations (6) and (9). The 
grid illustrated corresponds to an intrinsic allosteric constant, L = 100, and relative affinities 
of the substrate, inhibitor and activator of c = 0.1, d = 5 and e : 0.4, respectively. The maximum 
allost,eric range, Q,,,, corresponding to these parameters is 0.82, equation (8). 

4. Experimental Consequences 
The application of the preceding theoretical developments to binding data obtained 

with real systems involves the assumption that the observed allosteric interactions 
are manifestations of a single conformational equilibrium between two states of the 
protein and that the concentrations of hybrid states (in which some protomers 
correspond to the R conformation and some to the T form) are negligible. The inter- 
pretation of kinetic data in these terms involves the additional assumption that both 
states of the protein have the same maximum reaction velocity, so that the reported 
initial velocities (29) are proportional to the fractional saturation of the enzyme by 
the substrate ( y,). 

Granting these assumptions, we consider first the observations that certain hetero- 
tropic ligands cause marked shifts in the v ?)ersus 8 curves but have negligible effects 
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on the slope of the corresponding Rill plots (Atkinson et al., 196%; Preiss, Shen, 
Greenberg & Gentner, manuscript in preparation). One explanation for such effects 
is that t’he values of c and L for these systems is such that the co-operativit,y of 
substrate-binding is maximal. Under these conditions, nH max would be close to 
nH max max and, as seen in Fig. 2(b), would vary only slightly with a1,2. 

Certain aspects of the alkaline Bohr effect in hemoglobin may bc similarly inter- 
preted. In the case of human hemoglobin, for example, the reported slopes of Hill 
plots of oxygen saturation in buffers of pH 65 to 8.0 (without added salts) vary 
only slightly from 2.9, while the oxygen pressure for half-saturation pII varies by 
a factor of 5 (Antonini, Wyman, Rossi-Fanelli & Caputo, 1962). Surprisingly, for 
n = 4 and c = 0,014 (calculated by Monod et nl., 1965, from the data of Lyster), 
the computed curve of nH max as a function of L’ (Fig. 3) shows that nH max max is 
2.9 and occurs at a value of L’ close to that actually found for this system (Monod 
et al., 1965). As a consequence, the change of pljz produced experimentally by a 
pH shift from 6.5 to 8.0 would be expected t,o be accompanied by a variation of 
nH m&X of only 6.5%. Accordingly, the Bohr protons may conceivably act as hetero- 
tropic ligands with preferential affinity for the state of hemoglobin to which oxygen 
is weakly bound. 

A further prediction of the model of Monod et al. (1965) is that for certain com- 
binations of the parameters (L’ > c-“‘~) an increase of inhibitor or a depletion of 
activator concentration would decrease nII max, although such seemingly paradoxical 
effects have not yet been found experimentally. 

Non-exclusive binding of at least one of the allosteric ligands may also be indicated 
by the observation of various partial and multivalent effects (ref. in Stadtman, 
1966). Partial antagonism of the binding of limited amounts of a given ligand by 
concentrations of an effect,or with opposite preferential affinity, for example, may 
result from non-exclusive binding of either or both of the ligands, as shown in Fig. 5. 

n=4 
L’= IO3 
cc=20 

(b) 

FIQ. 5. Partial inhibition resulting from non-exclusive binding of the substrate or inhibitor. 
Substrate saturation in the presence of inhibitor concentration fi relative to saturation in the 
absence of inhibitor, ~~(~)/Y,(O), as a function of fi for the given apparent allosteric constant, 
L’, and substrate concentration, a. 

(a) Preferential affinity of inhibitor, d, is fixed; that of substrate, c, is varied. (b) Exclusive 
substrata binding, e = 0; variable preferential affinity of inhibitor, d. 
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Such effects, computed on the basis of the model of Monod et al. (1965), have 
numerous parallels in experimental observations of partially competitive inhibition 
kinetics, which can be attributed neither to effects on the maximum reaction velocity 
nor to heterogeneity in the enzyme population (Segal, Kachmar & Boyer, 1952; 
Sanchez & Changeux, 1966; Cohen, Patte & Truffa-Bachi, 1965). In particular, 
Gerhart’s (1964) interpretation of his results concerning the partial inhibition of 
aspartate transcarbamylase from Escherichia, coli by several nucleoside triphosphates 
in t,erms of non-exclusive binding of the inhibitors is supported by the striking 
resemblance of his data to our computations in Fig. 5(b). The incomplete antagonism 
between an allosteric activator and an allosteric inhibitor is fundamenta,lly analogous 
to the substra,te-inhibitor interactions described above. For example, the inability 
of excesses of the activators L-norleucine or L-valine to overcome inhibition of 
L-threonine deaminase by I,-iso-leucine has been well documented for the enzyme 
isolated from both E. coli (Changeux, 1962) and S’nlmo~nella typhimurium (Maeba & 
Sanwal, 1966). 

The combined effects of several ligands with similar preferential affinity may also 
be analyzed in terms of the model of Monod et al. (1965). Thus, the observed inabilit,y 
of the activator fructose-l, 6-diphosphate to eliminate co-operativity in the kinetics 
of the phosphoenolpyruvate carboxylase reaction (Sanwal & Maeba, 1966) may be 
analogous to our predictions for nH msx in Fig. 2(b). Similarly, the cumulative feed- 
back inhibition of glutamine synthetase by saturating concentrations of eight specific 
metabolites (Woolfolk & Stadtman, 1964) may be interpreted by assuming that 
each type of inhibitor is non-exclusively bound at distinct sites on the enzyme 
molecule (equation (9)). 

The preceding interpretations of some experimental data in terms of our ext,ension 
of the model of Monod et al. (1965) illustrate t,he variety and complexity of effects 
which can derive from the simple physical hypotheses on which it is based. These 
results emphasize the difficulty of establishing or rejecting the applicability of the 
model to a given physical situation without a detailed evaluat,ion of the parameters 
involved. 

This investigation was carried out in the laboratory of Dr H. I<. Schachman during 
the tenure of a Predoctoral Fellowship from the National Science Foundation by one of 
us (M.M.R.) and an Eleanor Roosevelt International Cancer Fellowship administered 
by the International Union against Cancer to the other (J.P.C.). Additional support 
from U.S. Public Health Service research grant GM 12159 from the Xational Institutes 
of General Medical Sciences is gratefully acknowledged. We are indebted to Drs H. But, 
M. J. Chamberlin, J. C. Gerhart and J. Monod for their helpful discussions and suggestions. 
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